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Abstract
In this paper, we investigate a class of parabolic differential equations of neutral type, and obtain
some sufficient conditions of the oscillation for such equations satisfying two kinds of boundary
value conditions.
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1. Introduction
In this paper, we consider the following parabolic differential equations of neutral type:
∂
∂t
[
u − λ(t)u(x, t − τ)]
= a0(t)∆u + a1(t)∆u(x, t − ρ) − p(x, t)u
✩ This work was supported by the Natural Science Foundation of Hebei Province (A2004000089) and partially
supported by the RGC grant (Polyu 5197/03E).
* Corresponding author.
E-mail addresses: pgwang@mail.hbu.edu.cn (P. Wang), mateokl@polyu.edu.hk (K.L. Teo).0022-247X/$ – see front matter  2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.03.022
616 P. Wang, K.L. Teo / J. Math. Anal. Appl. 311 (2005) 615–625−
b∫
a
q(x, t, ξ)u
[
x,g(t, ξ)
]
dµ(ξ), (x, t) ∈ Ω × R+ ≡ G, (1)
with the boundary value conditions{
∂u
∂n
+ ν(x, t)u = 0, (x, t) ∈ ∂Ω × R+, (B1)
u = 0, (x, t) ∈ ∂Ω × R+, (B2)
where Ω is a bounded domain in Rn with a piecewise smooth boundary ∂Ω , R+ = [0,∞),
u = u(x, t), ∆ is the Laplacian in Rn, τ > 0 and ρ > 0 are constants, n is the unit exterior
normal vector to ∂Ω , and ν(x, t) is a nonnegative continuous function on ∂Ω × R+.
The oscillation theory for functional differential equations and partial differential equa-
tions has been studied intensively in the last decades. For the study of parabolic partial
differential equations of neutral type, we mention here the monograph [1], literatures with
deviating arguments [2–7] and with distributed deviating arguments [8–10] and references
cited therein. We note that these articles consider only the case where the neutral coeffi-
cient number is such that −1 λ(t) 0. To the best of our knowledge, very little has been
done for other cases (see, for example, [11–13]). The purpose of this paper is to establish
some oscillation theorems for the case where the neutral coefficient number is such that
0 λ(t) 1. The results are different from those reported in [11,12] and generalize those
obtained in [13].
We assume throughout this paper that the following conditions hold:
(H1) λ(t) ∈ C′(R+,R+), a0(t), a1(t) ∈ C(R+,R+);
(H2) p(x, t) ∈ C(G¯,R+), q(x, t, ξ) ∈ C(G¯ × [a, b],R+);
(H3) g(t, ξ) ∈ C(R+ × [a, b],R) is nondecreasing with respect to t and ξ , respectively,
and is such that g(t, ξ) t for ξ ∈ [a, b], and lim inft→∞, ξ∈[a,b]{g(t, ξ)} = ∞;
(H4) µ(ξ) ∈ ([a, b],R) is nondecreasing, and the integral of Eq. (1) is to be understood as
in the sense of Stieltjes.
Definition 1. A function u(x, t) ∈ C2(Ω × [t−1,∞),R) ∩ C1(Ω¯ × [t−1,∞),R) is called
a solution of the boundary value problem (1), (B1) or (1), (B2), if it satisfies Eq. (1) in the
domain G along with the corresponding boundary condition, where t−1 = min{−τ,−ρ,
g(0, a)}.
Definition 2. A solution u(x, t) of the boundary value problem (1), (B1) or (1), (B2) is
said to be oscillatory in the domain G if, for each positive number tµ, there exists a point
(x0, t0) ∈ Ω × [tµ,∞) such that the condition u(x0, t0) = 0 holds.
2. Main results
To obtain our main results, we first consider the following neutral differential inequali-
ties:
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dt
[
y(t) − λ(t)y(t − τ)]+ p(t)y(t) +
b∫
a
q(t, ξ)y
[
g(t, ξ)
]
dµ(ξ) 0, t  0, (2)
d
dt
[
y(t) − λ(t)y(t − τ)]+ p(t)y(t) +
b∫
a
q(t, ξ)y
[
g(t, ξ)
]
dµ(ξ) 0, t  0, (3)
and neutral differential equations
d
dt
[
y(t) − λ(t)y(t − τ)]+ p(t)y(t) +
b∫
a
q(t, ξ)y
[
g(t, ξ)
]
dµ(ξ) = 0, t  0, (4)
where λ(t) ∈ C′(R+,R+), p(t) ∈ C(R+,R+), q(t, ξ) ∈ C(R+ × [a, b],R+).
Lemma 1 [14]. Assume that the following conditions hold:
(A1) There exists a function h(t, ξ) ∈ C(R+ × [a, b],R+), such that h(h(t, ξ), ξ) =
g(t, ξ); h(t, ξ) is nondecreasing with respect to t and ξ , and t  h(t, ξ) g(t, ξ);
(A2) lim inft→∞
∫ t
g(t,b)
∫ b
a
q(s, ξ) dµ(ξ) ds > 1
e
, and
(A3) lim inft→∞
∫ t
h(t,b)
∫ b
a
q(s, ξ) dµ(ξ) ds > 0.
Then, the first order differential inequality
x′(t) +
b∫
a
q(t, ξ)x
[
g(t, ξ)
]
dµ(ξ) 0 (5)
has no eventually positive solutions.
Remark. The existence of such a function h(t, ξ) has been established in [14].
Lemma 2. Assume that 0 λ(t) 1 and (A1) holds, and that there exists a constant m > 0
such that
q(t, ξ)m, t  0, ξ ∈ [a, b]. (6)
If
lim inf
t→∞
t∫
g(t,ξ0)
b∫
a
q(s, ξ) dµ(ξ) ds >
1
e
exp
[
− lim inf
t→∞
t∫
g(t,ξ0)
p(s) ds
]
,
for some ξ0 ∈ [a, b], (7)
then
(I) inequality (2) has no eventually positive solutions;
(II) inequality (3) has no eventually negative solutions;
(III) every solution of Eq. (4) oscillates.
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(H3), there exists a t1  0 such that y(t) > 0, y(t − τ) > 0 and y[g(t, ξ)] > 0 for t  t1
and ξ ∈ [a, b]. Let
z(t) = y(t) − λ(t)y(t − τ). (8)
From (2), there exists a t2  t1, such that z′(t) < 0. Thus, z(t) is monotone decreasing,
and we can assert that z(t) is bounded below. In fact, assume that it is not true, then
limt→∞ z(t) = −∞. From (8), we have
y(t) = z(t) + λ(t)y(t − τ). (9)
Thus, it is clear that y(t) is unbounded, and hence, there exists a t3 > t2, t3 − τ  t2, such
that
z(t3) < 0, y(t3) = max
t2st3
y(s). (10)
By directly calculus, we have
z(t3) = y(t3) − λ(t3)y(t3 − τ) y(t3)
(
1 − λ(t3)
)
 0,
which contradicts (10). Let
lim
t→∞ z(t) = L. (11)
Then, by integrating inequality (2) on [t3,∞), and using z(t) y(t), we obtain
m
t∫
t3
b∫
a
z
[
g(s, ξ)
]
dµ(ξ) ds 
t∫
t3
b∫
a
q(s, ξ)z
[
g(s, ξ)
]
dµ(ξ) ds

t∫
t3
b∫
a
q(s, ξ)y
[
g(s, ξ)
]
dµ(ξ) ds
 z(t3) − z(t) < ∞. (12)
Consequently, it follows from (H3) and (6) that m
∫ b
a
dµ(ξ)
∫ t
t3
z(s) ds < ∞. That is,
z(t) ∈ L1[t3,∞). Furthermore, we can assert that lim inft→∞ y(t) = 0. In fact, assume
the contrary, that lim inft→∞ y(t) = d > 0. Then, there exists a t4  t3 such that y(t) > d2
for t  t4. From (2), we have
z′(t)−p(t)y(t) −
b∫
a
q(t, ξ)y
[
g(t, ξ)
]
dµ(ξ)
−p(t)y(t) −
b∫
a
q(t, ξ)z
[
g(t, ξ)
]
dµ(ξ).
Then, by integrating the above inequality from t4 to t , we obtain
z(t) − z(t4) < −d2
t∫
p(s) ds −
t∫ b∫
q(s, ξ)z
[
g(s, ξ)
]
dµ(ξ) ds,t4 t4 a
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z(t0) z(t) + d2
t∫
t4
p(s) ds +
t∫
t4
b∫
a
q(s, ξ)z
[
g(s, ξ)
]
dµ(ξ) ds. (13)
Thus, by (7), we have limt→∞ z(t) = −∞, which contradicts (11). Since lim inft→∞ y(t)
= 0, there exists a sequence {tn}, such that limt→∞ tn = ∞ and limt→∞ y(tn) = 0. Thus,
0 = lim
n→∞
(
z(tn + τ) − z(tn)
)
= lim
n→∞
[
y(tn + τ) −
(
λ(tn + τ) + 1
)
y(tn) + λ(tn)y(tn − τ)
]
.
Furthermore, we obtain
lim
n→∞
(
y(tn + τ) + λ(tn)y(tn − τ)
)= 0. (14)
Therefore, limn→∞ λ(tn)y(tn − τ) = 0, and
L = lim
n→∞
(
y(tn) − λ(tn)y(tn − τ)
)= 0. (15)
Since z(t) is monotone decreasing, there exists a t5  t4 such that z(t) > 0, t  t5. Noting
(8) and the fact that z(t) y(t), it follows from (2) that
z′(t) + p(t)z(t) +
b∫
a
q(t, ξ)z
[
g(t, ξ)
]
dµ(ξ) 0, t  t5. (16)
Let
w(t) = z(t) exp
[ t∫
t4
p(s) ds
]
. (17)
Then, w(t) > 0, and
w′(t) +
b∫
a
r(t, ξ)w
[
g(t, ξ)
]
dµ(ξ) 0, (18)
in which r(t, ξ) = q(t, ξ) exp[∫ t
g(t,ξ)
p(s) ds]. Thus, it follows from (A2) and (7) that
lim inf
t→∞
t∫
g(t,b)
b∫
a
r(s, ξ) dµ(ξ) ds

(
lim inf
t→∞
t∫
g(t,b)
b∫
a
q(s, ξ) dµ(ξ) ds
)(
exp
[
lim inf
t→∞
t∫
g(t,ξ)
p(s) ds
])

(
lim inf
t→∞
t∫ b∫
a
q(s, ξ) dµ(ξ) ds
)(
exp
[
lim inf
t→∞
t∫
p(s) ds
])
g(t,b) g(t,b)
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1
e
exp
[
− lim inf
t→∞
t∫
g(t,b)
p(s) ds
]
exp
[
lim inf
t→∞
t∫
g(t,b)
p(s) ds
]
= 1
e
,
and
lim inf
t→∞
t∫
h(t,b)
b∫
a
r(s, ξ) dµ(ξ) ds

(
lim inf
t→∞
t∫
g(t,b)
b∫
a
q(s, ξ) dµ(ξ) ds
)(
exp
[
lim inf
t→∞
t∫
g(t,ξ)
p(s) ds
])
> 0.
Consequently, by Lemma 1, inequality (18) has no eventually positive solutions. This is a
contradiction with w(t) > 0.
(II) If y(t) is an eventually negative solution of inequality (3), then −x(t) is an eventu-
ally positive solution of inequality (2). The result of (II) follows from an argument similar
to that given for the result of (I).
(III) The result of (III) follows from those of (I) and (II). This completes the proof. 
We are now in a position to present the main results of the paper. Let
P(t) = min
x∈Ω¯
{
p(x, t)
}
, Q(t, ξ) = min
x∈Ω¯
{
q(x, t, ξ)
}
. (19)
With each solution u(x, t) of the boundary value problem (1), (B1), we associate with
a function U(t) defined by
U(t) =
∫
Ω
u(x, t) dx, t > 0. (20)
Theorem 1. Assume that 0 λ(t) 1 and (A1) holds. If
lim inf
t→∞
t∫
h(t,b)
b∫
a
Q(s, ξ) dµ(ξ) ds > 0, (21)
lim inf
t→∞
t∫
g(t,ξ0)
b∫
a
q(s, ξ) dµ(ξ) ds >
1
e
exp
[
− lim inf
t→∞
t∫
g(t,ξ0)
P (s) ds
]
,
for some ξ0 ∈ [a, b]. (22)
Then, each solution u(x, t) of the boundary value problem (1), (B1) is oscillatory in the
domain G.
Proof. Assume that the boundary value problem (1), (B1) has a nonoscillatory solution
u(x, t). Without loss of generality, assume that u(x, t) > 0, (x, t) ∈ Ω × R+. (u(x, t) < 0
can be considered by using the same method.) From (H3), there exists a t1  0 such that
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respect to x over the domain Ω , for t  t1, we obtain
d
dt
[∫
Ω
udx + λ(t)
∫
Ω
u(x, t − τ) dx
]
+
∫
Ω
p(x, t)udx
+
∫
Ω
b∫
a
q(x, t, ξ)u
[
x,g(t, ξ)
]
dµ(ξ) dx
= a0(t)
∫
Ω
∆udx + a1(t)
∫
Ω
∆u(x, t − ρ)dx. (23)
It is clear that
∫
Ω
b∫
a
q(x, t, ξ)u
[
x,g(t, ξ)
]
dµ(ξ) dx =
b∫
a
∫
Ω
q(x, t, ξ)u
[
x,g(t, ξ)
]
dx dµ(ξ)

b∫
a
Q(t, ξ)
∫
Ω
u
[
x,g(t, ξ)
]
dx dµ(ξ). (24)
From Green’s formula and boundary condition (B1), we have∫
Ω
∆udx =
∫
∂Ω
∂u
∂n
dω = −
∫
∂Ω
νudω 0 (25)
and ∫
Ω
∆u(x, t − ρ)dx = −
∫
∂Ω
ν(x, t − ρ)u(x, t − ρ)dω 0, (26)
where dω is the surface integral element on ∂Ω .
Moreover, it follows from (19) that∫
Ω
p(x, t)udx  P(t)
∫
Ω
udx. (27)
Combining (20), (24)–(27), it follows from (23) that, for t  t1,
d
dt
[
U(t) − λ(t)U(t − τ)]]+ P(t)U(t) +
b∫
a
Q(t, ξ)U
[
g(t, ξ)
]
dµ(ξ) 0,
t  t1. (28)
By (20), the function U(t) is an eventually positive solution of inequality (28), which leads
to a contradiction with the result of (I) in Lemma 2. This completes the proof. 
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problem in the domain Ω :{
∆u + αu = 0, (x, t) ∈ Ω × R+,
u = 0, (x, t) ∈ ∂Ω × R+, (29)
where α is a constant. It is well known [15] that the least eigenvalue α1 of the problem (29)
is positive and the corresponding eigenfunction φ(x) is positive on x ∈ Ω .
With each solution u(x, t) of the boundary value problem (1), (B2), we associate with
a function V (t) defined by
V (t) =
∫
Ω
u(x, t)φ(x) dx, t > 0. (30)
Theorem 2. Assume that 0 λ(t) 1 and (A1) holds. If
lim inf
t→∞
t∫
h(t,b)
b∫
a
Q(s, ξ) dµ(ξ) ds > 0, (31)
lim inf
t→∞
t∫
g(t,ξ0)
b∫
a
Q(s, ξ) dµ(ξ) ds
>
1
e
exp
[
− lim inf
t→∞
t∫
g(t,ξ0)
{
α1
[
a0(s) + a1(s)
]+ P(s)}ds
]
,
for some ξ0 ∈ [a, b], (32)
or (31) holds, and there exists at least a j0 = 0 or 1, such that
lim inf
t→∞
t∫
g(t,ξ0)
b∫
a
Q(s, ξ) dµ(ξ) ds >
1
e
exp
[
− lim inf
t→∞
t∫
g(t,ξ0)
α1aj0(s) ds
]
,
for some ξ0 ∈ [a, b]. (33)
Then, each solution u(x, t) of the boundary value problem (1), (B2) is oscillatory in the
domain G.
Proof. Assume that the boundary value problem (1), (B2) has a nonoscillatory solution
u(x, t). Without loss of generality, assume that u(x, t) > 0, (x, t) ∈ Ω × R+. (u(x, t) < 0
can be considered by using the same method.) From (H3), there exists a t1  0 such that
u(x, t − τ) > 0, u[x,g(t, ξ)] > 0, u(x, t − ρ) > 0 for t  t1 and ξ ∈ [a, b]. Multiplying
both sides of Eq. (1) by the eigenfunction φ(x) and then performing the integration with
respect to x over the domain Ω , we obtain, for t  t1,
d
dt
[∫
uφ(x)dx + λ(t)
∫
u(x, t − τ)φ(x) dx
]
+
∫
p(x, t)uφ(x)dxΩ Ω Ω
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∫
Ω
b∫
a
q(x, t, ξ)u
[
x,g(t, ξ)
]
φ(x)dµ(ξ) dx
= a0(t)
∫
Ω
∆uφ(x)dx + a1(t)
∫
Ω
∆u(x, t − ρ)φ(x)dx. (34)
Using Green’s formula and boundary value condition (B2), we obtain∫
Ω
∆uφ(x)dx =
∫
∂Ω
(
φ(x)
∂u
∂n
− u∂φ(x)
∂n
)
dω +
∫
Ω
u∆φ(x)dx
= −α1
∫
Ω
uφ(x) dx, (35)
∫
Ω
∆u(x, t − ρ)φ(x)dx = −α1
∫
Ω
u(x, t − ρ)φ(x)dx. (36)
Note that∫
Ω
p(x, t)uφ(x)dx  P(t)
∫
Ω
uφ(x)dx, (37)
∫
Ω
b∫
a
q(x, t, ξ)u
[
x,g(t, ξ)
]
φ(x)dµ(ξ) dx
=
b∫
a
∫
Ω
q(x, t, ξ)u
[
x,g(t, ξ)
]
φ(x)dx dµ(ξ)

b∫
a
Q(t, ξ)
∫
Ω
u
[
x,g(t, ξ)
]
φ(x)dx dµ(ξ), (38)
and combining (35)–(38), it follows from (34) that, for t  t1,
d
dt
[∫
Ω
uφ(x)dx + λ(t)
∫
Ω
u(x, t − τ)φ(x) dx
]
+ P(t)
∫
Ω
uφ(x)dx
+
b∫
a
Q(t, ξ)
∫
Ω
u
[
x,g(t, ξ)
]
φ(x)dx dµ(ξ)
−α1a0(t)
∫
Ω
uφ(x)dx − α1a1(t)
∫
Ω
u(x, t − ρ)φ(x)dx. (39)
Thus, by (30), we obtain
624 P. Wang, K.L. Teo / J. Math. Anal. Appl. 311 (2005) 615–625d
dt
[
V (t) − λ(t)V (t − τ)]+ {α1[a0(t) + a1(t)]+ P(t)}V (t)
+
b∫
a
Q(t, ξ)V
[
g(t, ξ)
]
dµ(ξ) 0, t  t1. (40)
Consequently, it follows from (30) that the function V (t) is an eventually positive solution
of inequality (40), which leads to a contradiction with the result of (I) in Lemma 2. This
completes the proof. 
To assert our results, we give an example.
Example. Consider the parabolic equation
∂
∂t
[
u − 1
2
u(x, t − π)
]
= (2et+1 − 1)∆u + 3
2
∆u
(
x, t − π
2
)
− u − 2
− π2∫
− 32 π
et+1u(x, t + ξ) dξ,
(x, t) ∈ (0,π) × (0,+∞), (41)
and
u(0, t) = 0, u(π, t) = 0, t > 0, (42)
where λ(t) = 12 , a = − 32π , b = −π2 ; a0(t) = 2et+1 − 1, a1(t) = 32 , p(x, t) = 1,
q(x, t, ξ) = 2et+1, g(t, ξ) = t + ξ .
Choosing h(t, ξ) = t + 12ξ , Q(t, ξ) = 2e and P(t) = 1, then h(h(t, ξ), ξ) = g(t, ξ), it
is easy to see that the (A1) holds and all the conditions of Theorem 2 are satisfied. then
every solution of the problem (41), (42) is oscillatory in (x, t) ∈ (0,π)× (0,+∞). In fact,
the function u(x, t) = sinx cos t is an oscillatory solution of the problem (41), (42).
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